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Outline of the talk

“Single”’-particle quantum chaos.
Single (semiclassical) limit: 7 — 0

Many-particle quantum chaos.
Double limit: N — oo, i — 0

B.G. & V. Al. Osipov, Nonlinearity 29 (2016)
arXiv:1503.02676



Chaos & Spectral universality

M

Classical chaos: §(t) ~ §(0)eM

Motivation
Quantum: —AQ, = A\ On, o, € L*(M

BGS conjecture G.Casati, et al. 1980; O. Bohigas, et al.
1984: Correlations of {\, }°°, are universal, described by
Random Matrix Ensembles from the same symmetry class



Semiclassical approach

Gutzwiller’s trace formula:
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Oscillating

A, stability factor,
S-(E) action of a periodic orbit ~

M Number of periodic orbits grows

exponentially with length

— No prediction on E,, from an individual ~
— All {~} together <— spectrum



Two-point correlation function
RE) = = (p(B+=/pp (E)); ~ 1
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T.,T, are periods of v,~', Ty = 2nhp (Heisenberg time)

Spectral correlations S
Correlations between actions of periodic orbits



Classical origins of universality

K(t)=c1m+ 1. ..

¢, — diagonal approximation v =+ M. Berry 1985

Diagonal approximation Sieber—Richter pairs

¢, — hon-trivial correlations (Sieber-Richter pairs)
M. Sieber K. Richter 2001

S, — S, ~ h = Duration of encounter ~ 7z = A~'|log A|

N

Ehrenfest time

All orders in 7 = RMT result S. Muller, et. al., 2004



Symbolic Dynamics

Continues flow = Map T" (Poincare section)
P

0 i 1 Phase space partition:

V:Vouvlu...uvl_l

______________________

-2 ¢ -1
' q
Point in the phase space:
rXr=..._1Ty.T1X2 ..., CITZE{O,].,Z—]_}
R/_/ Hf—/ \ ~ J
past future alphabet
T'r=...x_120%1 . T223 ...

Periodic orbits <— [z,25 ... 2,



Partner orbits
B. G, V. Osipov 2013
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v
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| = [AECFBEDF)], |+ = [AEDFBECF]

E:€1€2...€p, F:flfg...fp

Each p-subsequence of symbols from ~, appears in +,
Locally similar but not identical —

Two orbits pass approximately the same points of the
phase space:

|v1 = Y2l ~ AP



Many-particle systems

N p2
Z _n xn + ‘/Int( xn—i—l)
1 2m

Chaos, Local interactions, Invariance undern — n + 1
Two views on dynamics:

Many—particle Periodic Orbit Single—particle Periodic Orbi
d—-dimensions Nd-dimensions

Q: Is the single-particle theory of Quantum Chaos
applicable?



Semiclassical “Field Theory”
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1) PO -are 2D toric surfaces in d-dim space (Rather than

Ines in

1D |

N - d-dim)

) Encounters are “rings” (Rather than 1D stretches) of

“width” ~ )\_1‘ lOg heff|



2D Symbolic Dynamics
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1) Small alphabet (does not grow with V)

2) Uniqueness: Each PO I' is uniquely encoded by M-
3) Locality: r» x r square of symbols around (n, t) defines
position of the n'th particle at the time ¢ up to error ~ A=

Encounter - repeating region of symbols



Different types of Partner Orbits

A. Single particle partners:

T A T ry E
R >
| B A B < > D C
D — ——
=
A . A . =

Dominant ift T > W, = N - Single particle theory

Wi ~ A=Y log ke ¢| ~ Width of encounter

Dominant it " < W, < N - Thermodynamic, short time
regime

B. Dual partners: |




Different types of Partner Orbits

C.tT >W,, N = Wyi.e. T and N are larger then
“Ehrenfest scale”:

T T

-
C C
- -

I' N I' N

Note: One encounter is enough, even if time reversal
symmetry is broken

B, C - Genuine many-particle Quantum Chaos!



A Lone Cat Map: T — T

Phase space: ¢, p; € [0,1), windings m; = (m{,m}) € Z

Configuration Space

de+1 | _ a 1 qt | my
Dt+1 ab—1 b Dt 1y |

a,b € 7. Chaos if |a + b| > 2

Newton form: A¢; = ¢;01 — 2¢: + -1 = (a + b — 2)q;, — my



Coupled-Cat Maps: 74" — T%V

S(qta Clt+1) = SO(qta q75+1) + Sint(qt)s q: = (C]1,t7 da.t - - - C]N,t)

N Interacting cat maps, ¢,¢, pn: € [0, 1):

Z Scat Qn ty dn t—I—l) + V(Qn t mt — Z Qn tq1—|—n t

TV
interactions

Equations of motion:

0S 0S

Pnt — — Pnt+1 —
agn,t i aQn,t—i—l




Classical Particle-time Duality
Newtonian form:
AQn,t — (a + b T 4)Qn,t + v,(Qn,t) T mn,t

Discrete Laplacian:
Afot = fot1t+ fro1t+ frer + frp—1 — 4fns1s

Particle-time symmetry: t+—n —

N-particle POs {I'} of period " < T-particle POs {I"}
of period N

S(T) = S(I),  Ar = Ap

{m, .} - provide symbolic encoding of POs



2D Symbolic Dynamics
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v/ Small alphabet (does not grow with N)
v/ Uniqueness + I' can be easily restored from My

v/ Locality (r x r square of symbols around (n, t) defines
approx. position of the n’th particle at the time t)

B.G. V. Osipov (2015),

B.G., L Han, R. Jafari, A. K. Saremi, P Cvitanovic (2016)



Example of Partner Orbits

T =50, N=70,a=3,b=2

C315D42045E8D314E360306B100311232002C6013B05B5056C00403035A06B33005C45
2316C3253B21C71B533005B2A52C32B3106B8B5240012033B053B503333BB23C6CB5B4
c60B03B6303323Cc5B313C1610B6C113B501A33B30503300855102B06B135C610403320
C322035E32C31B3133005B6A501053C50263B326C031030A31032006C53E50250053B8
3B1300353B30026C6E3502B3150A6C8E6030343B233326C31021C50B51B5133B3A30A3
3014E53B130305B61013302054Cc51015B04C 6C
32A15B7C22A5010025B33A330320505302B0
3B3515B50330035E36D4B04B7B41B3B35C85
B31601C60136C04581000015023220207D60
C6C6F620501150315A30550B16E4B26CB36C4
C6D45115B5A53203052A3400115026B55CB5
06C630512301B8A350C0530253C60C33E35A06
0B530C1330522B5C36A1321B3C332B5511330C6
023335C043B05A16BB9BB4B2C8B130B6B061B2
C601B7A6030203B32AB804005B06B22B23022
0332A3030133303B1221C326B2A05320B314

3B3A3033
33A04303230433Cc50101221311106205E6104B
416C3031103B46C720052025F622B05B0410C5
B3B6B13C505A33A3C8A1101B85B3003122C5001
A506A6B6B3030421A35B6303403034B0301326
03310B31Cc323B303B5016D332002C50000133B13
54B5025C011123016B25B071136B360300235C53
1233B1C830205A30A242A6C5C325E61A341B2B3
B8D51B335E06B3321C51B35B2306C12153B332304
1106B1233A314C31353B25B6B032C30505C323

21B35C6BB6B5C031B53033C6C313061C5C7013303B052B303255F530200520013B6A03
C8A110405004250B8105E623C3C60130050A206B4501126C60B104E5330313203D6011
5B8C30301520110A6E6E530C53C30C53BB60C5B5E3225F6A305D5301114E9C306C6A20
3233B6BA5E9C0522121211624B3132B30062C7C3533C701B13103053200535A232125C
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Example of Partner Orbits
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Distances between paired points

dpt = \/(Qn,t — Qv )? + (Pnt — Py )?,

Largest distances ~ 2 - 10~ are between points in
encounters



Quantisation

Hannay, Berry (1980); Keating (1991)
Uy is LY x LN unitary matrix, L = h_;,

Translational symmetries: — N subspectra
approximately of the same size = LV /N

Gutzwiller trace formula
Rivas, Saraceno, A. de Almeida (2000)

Tr (Uy)T = |det(BE —1)] 7 3 exp(—i2nLSr).

I'ePO

All entries are symmetric under exchange N < T



Quantum Duality

Tr (Uy)" = Tr (U,)"

1
Form Factor: Ky (T') = < Tr (Uy)"

2LN

For shorttimes T' < np = A"tlogL, N ~ L'
Regime dual to universal:

)

Kn(T) = L" VKg(TN/L")
In particular for very shorttimes L' /T < N, Kg=~1
Kn(T)~ LT/LY

Short time exponential growth instead of linear 7N /LY



Summary

T
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Many-particle Semiclassical Programm

Single-particle structure diagrams:

Distinguished by order of encounters

Many-particle structure diagrams:

Distinguished by order and winding numbers w of
encounters!
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